The history of general equilibrium (GE) theory can be traced back more than 100 years to the work of Leon Walras (1874). However, only recently have computable general equilibrium (CGE) models become widely used in policy applications 1 . Since GE models are often thought to be too complicated to implement in a classroom setting and GE related computing packages are relatively expensive with significant learning curves, only a handful of instructors have taken CGE models into the classroom (for example, Professor Peter
Wilcoxen at Syracuse University). This paper demonstrates how to build and solve simple CGE models using standard features in EXCEL.
It is important to point out that there is growing need to expose students to applied GE analysis. These models are not only an important part of applied economic research, they have been widely adopted by different levels of federal and provincial/state governments and the private sector as a useful tool for tax and environmental policy analysis. I have surveyed a number of economics instructors in terms of their teaching methods related to GE models. For those who have incorporated some kind of general equilibrium theory into their intermediate/advanced Micro (mostly undergraduate) courses, none of them have considered showing applications of the theory in simplified but practical settings. It is understandable that students who lack analytical math skills cannot easily understand the complicated structure of such models, the calibration process and the solution techniques used in applied GE models. However, teaching the abstract form of GE models, and existence proofs, involves even deeper mathematical sophistication and is of little practical relevance to non-specialists. 1 A brief historical survey of developments in GE theory and CGE applications including Jones (1965) ,
When faced with students with little programming experience (in software such as Matlab or SAS), instructors feel that it is necessary to avoid introducing computable solutions to economic problems, especially in the case of general equilibrium analysis, which typically only receives two or three weeks of coverage and usually at the end of the semester. If we could adopt an easy-to-use platform, such as EXCEL, to show how to construct simple GE models for policy analysis, it would give students an opportunity to fill in the gap between the formal theory and numerical reality of practical general equilibrium analysis.
Teaching economics with EXCEL has received growing attention. For example, studies such as Barreto (2001) , Cheng and Fan (2003) , Tohamy and Mixon (2003) and Naevdal programming. I choose these two studies based on two considerations 4 : 1) both studies are well-known and provide benchmarks upon which our results can easily be compared; 2) I choose the tax policy area since it is easy for students to relate to and we can draw important 2 The methods I present here are used in teaching a math review class for incoming master's students majoring in economics. The math review course is a preliminary course that is intended to acquaint students with some mathematical and economic methodologies typically used in graduate teaching. I usually spend a 3-hour lecture (in a computer lab) showing students the general framework of the CGE model and provide some spreadsheet examples.
At the end of the class, quite a few of the students have indicated that this method is very effective and greatly improved their understanding of GE theory since they were given an opportunity for hands-on work with the model changing different parameter values and finding numerical solutions. For instructors who are interested in teaching GE theory and its applications, I also suggest a term paper be assigned to the students following the lectures.
This will offer students an opportunity to improve their analytical skills.
CES Technology Model
The CES technology model corresponds to the original Arrow-Debreu model, elaborated on in Arrow and Hahn (1971) and then introduced as an applied study by Shoven and Whalley in their publication "Applied General -Equilibrium Models of Taxation and International
Trade: an Introduction and Survey" in the Journal of Economics Literature (Vol. XXII, 1984) . In this economy, we have two final goods (manufacturing and nonmanufacturing), two factors of production (capital and labor) and two types of consumer (rich, capital owners, and poor laborers). Consumers maximize their CES utility function
The equilibrium conditions in the models are found by choosing all prices {P 1 , P 2 , P k , P L } and quantities {X
(2) Goods Markets clear
and (3) Zero Profit Conditions are met:
In actuality, only the relative price of capital needs to be defined as the product prices come from the zero profit conditions. In order to use EXCEL's "Solver" to find an equilibrium solution to the model we consider this problem as an optimization program. We can minimize the sum of three market clearing conditions (Factor and Goods market demand minus supply equals to zero as well as zero profit condition) by changing our choices of prices and quantities.
The first step is to set up the appropriate parameter values. In order to compare my results, I use the same parameter values as in Shoven and Whalley (1984, table I, p1011 ). The household and production parameters are set up in the spreadsheet as Table 1 Insert Table 1 here
The second step is to set up the minimization problem as in Table 2 :
Insert instead of factor demand and production demand variables specified in equation (1) to (12) to simplify the setting. P L is normalized to 1 as in Shoven and Whalley (1984) . Since there are 3 variables to solve, I have specified them into three market-clearing equations so that the system is just identified. The supply (or TR) and demand (or TC) are calculated as follows:
Insert Table 3 here Table 3 shows the spreadsheet section which defines the calculation process for the general equilibrium conditions. Formulas are input based on equation (1) to (12). For example, cell 28 specifies the capital demand in equation (5) using all the parameters and variables that I have already set up in Table 1 and 2. (Cell B22, C22 and D22 are specified in Table 1 ;
Cell B29 and B30 are the solution variables specified in Table 2 ). Factor supply is simply the capital and labor endowments from the households. Product demands are calculated based on equation (4) and the variable P I, I c , P σc 1 ,and P σc 2 are price indices and income functions (specified in equation (2) and (4)) used in the calculation of product demands.
Product supplies are given by production amounts {Q 1 , Q 2 } and Total Revenues and Total
Costs are given by equation (11) and (12). In Column I, I sum up the factor demand and product supply for both manufactured and non-manufactured goods, factor supply and product demand for both rich and poor households and total income from the production process.
The final step is to use "Solver" to solve the problem:
Insert Figure 1 here
The Target Cell reference is set to cell D26 which represents the minimization equation and the Changing Cells are the solution variables (B27:B31). In Table 2 (3)), we can produce approximately 66 units, so I have set the starting value for Q 1 as 66 units and Q 2 equal to 0 5 . I have further specified a constraint in the "Solver" utility so that all the solution variables are greater than or equal to 0.
Insert Table 4 here
The exact values after the Solver process finished are given in Table 4 . As can be seen, at the optimal solution, all the market-clearing conditions are met. The equilibrium solutions calculated from the "Solver" application are exactly the same as reported in Table 2 in Whalley (page1012, 1984) . The manufactured goods are selling at a higher price than the non-manufactured goods and the economy will produce more non-manufactured goods. All capital and labor is used up. The "poor" household will receive a higher income than the "rich" household.
To illustrate how a general-equilibrium model can be adapted for policy evaluation, Shoven and Whalley further incorporate a tax policy regime into their baseline model. For a given tax program (it could be a tax imposed on capital, labor or manufactured/nonmanufactured product), I need to modify the baseline model to incorporate these changes. 5 We could choose other starting values for the above specified equations. However, the starting values need to be reasonable, otherwise, the system may converge to corner solutions with no production or not coverage at all.
The example shown in Shoven and Whalley's paper is based on a 50 percent tax rate on capital income generated in the manufactured goods sector. I would like to present a more generalized tax-policy model which includes seven tax parameters.
Insert table 5 here t 1 and t 2 are taxes imposed on manufactured and non-manufactured products respectively, t L and t K are taxes imposed on labor and capital, τ is a output tax and τ k1 and τ k2 are taxes imposed on capital income generated in manufactured and non-manufactured product sectors. I also add a new parameter θ in the household parameter section to indicate the distribution of tax revenue 6 . As in Shoven and Whalley, I assume that the rich household receives 40 percent or the tax revenue with the remaining 60 percent going to the poor household.
In order to incorporate the tax policy parameters, I need to modify equations (4) to (6) as follows:
and
and 6 In this case, the government simply collects and redistributes revenue. In other models, the government may also consume goods and services.
Total revenue and total cost functions change to
Given the above parameters, the total tax revenue the government collects is given by the sum of the tax from the consumer
and from the producer of manufactured and non-manufactured products
I assume the same values of the parameters and exogenous variables as given in the baseline model. In order to solve the model including the tax policy parameters, I add a new solution variable T to the minimization problem and an additional constraint that T is equal to the total revenue specified above. Table 6 illustrates the modified minimization program.
Insert Table 6 here
As can be seen, the tax variables are added in cell B32 and the new constraint is added in row 48. Then we simply run the "Solver" utility again. The new equilibrium solution is shown in Table 7 .
Insert Table 7 here
Comparing Table 4 and Table 7 7 , one can illustrate how a simple general equilibrium framework can be used in tax policy analysis. After a 50 percent tax on manufacturing capital is imposed, the marginal cost of capital increases, leading to a higher price for manufactured products (1.474 vs. 1.399) and a lower price for non-manufactured products (1.093 vs. 1.105) and the price of capital after tax falls (1.153 vs. 1.373). In the household sector, the rich household, which owns capital, receives lower income so its demand for both manufactured and non-manufactured goods decreases. The poor household receives higher transfers of tax revenue from the government, its income rises and demand for both manufactured and nonmanufactured goods increases. Due to a lower price and a lower demand for manufactured goods, total revenue from manufactured goods also falls and only 2.428 worth of taxes are collected 8 .
A frequent question policy makers ask is whether or not a proposed policy is welfare improving. We can utilize widely employed measures to follow up on the above analysis.
The measures used here are Hicksian compensating variation and equivalent variation (CV and EV) associated with the household utilities and incomes before and after the tax policy at their equilibrium solutions. CV is given by
A , superscripts A and B denote "After"
and "Before" the policy changes. CV tells how much income is lost or gained compared to utility level before the change. EV is given by
B , so we use the income and utility level before the change as the base value. For a tax policy to be welfare improving, we would observe CV and EV having a positive sign. The result of the simple welfare analysis is reported in Table 8 . As can be seen, although the capital tax has increased the income of the poor household, the total effect on welfare is a loss. This is due to the fact that this tax policy cannot raise enough tax revenue to distribute to the poor at the same time, it has also lowered total production of manufactured goods in the economy, which in turn, substantially affects income and the utility of the rich.
Insert Table 8 here
After introducing the model, we can further ask students to experiment with the model by changing parameters and initiate group discussions 9 . For example, if we change the endowment of capital and labor for the poor and the rich, or the elasticity of substitution of the two products, the corresponding equilibrium solution will change and will result in different welfare values. We also can ask students to change the tax parameters to conduct further policy analysis. For example, instead of a 50 percent capital tax on the manufactured product, students can simply impose the 50 percent tax on capital used in both manufactured and non-manufactured products, or on output or on the manufactured product itself. They can see easily if taxes are imposed on capital used to produce the non-manufactured product, it will increase tax revenue, but still lead to welfare losses. However, a 50 percent output tax can increase the price of both products substantially, raise tax revenue substantially and through the transfer program, increase the income of both rich and poor. Although there is no welfare loss at the society level, poor households can afford smaller amounts of manufactured and non-manufactured products and their utilities fall. We can easily separate students into different groups, and ask them to discuss the pros and cons of different tax policies and ask them to provide comments and suggestions to improve the design of the tax system. Therefore, a simple CGE model is a very effective teaching tool. If we allow students to engage in constructing and experimenting with the model, instead of lecturing based on mathematical equations, it will enhance their analytical abilities especially as it relates what they have learned to a more practical setting. 9 All of the results for the following discussion questions are available upon request.
The Harberger Model
The taxes : a tax on capital, output or income with the total revenue given by the sum of the taxes collected from different sectors. In this model, the government uses tax revenue to purchase goods for its own consumption. In equilibrium, we choose appropriate prices and quantities so that factor markets and product markets clear.
Since the basic set up of the model is very similar to the CES model above, I will not waste space and the reader's time to explain how to fill in the spreadsheet with all the parameters, variables and formulas again. The detailed spreadsheet and its explanation can be found in Appendix 1. It demonstrates that, we can choose to solve for the price of capital (rental rate, r) and the quantity of production from sector X (q x )and sector Y (q y ) by minimizing the sum of square errors of three market conditions: capital market equilibrium and two-product market equilibrium. This model can also be easily solved using "Solver" as in the previous case. However, for a more advanced level class, students may be interested to see how the equilibrium can be reached through alternative methods. This model can be used as a perfect example to demonstrate how to use Newton's method to compute the equilibrium solutions.
The general concept of Newton's method is easy to illustrate:
Insert Figure 2 here
Assume a function f(x) actually has a root. In order to find the root of f(x), construct a tangent line through the point (X 0 , f(X 0 )) with the slope f 0 (X 0 ). This line intercepts the x − axis at the point X 1 which may be a better approximation to the root than X 0 . We iterate according to the relation
until convergence occurs. In the case of the Harberger model, there are three variables to solve for, the rental rate of capital, r, and the outputs q x and q y . Unlike the univariate case above, x is the vector of (r, q x , q y ) 0 and f (x) is a vector valued function of equilibrium conditions. The derivative is replaced by its multivariate analogy, the Jacobian. The set up of the model is illustrated in Table   9 . I used a centered difference formula to approximate the partial derivatives (cell B51:
H53) with a step size of 0.02. The partial derivative estimates (H51:H53) are copied into the corresponding columns of the Jacobian matrix (B57:D59). I then use an EXCEL matrix function to invert the Jacobian (B64:D66). The vector dx is calculated based on the rule
. Finally X n+1 is updated using X n+1 = X n + φdx (see cells H64:H66) 10 . The above procedure completes one Jacobian iteration step. In order to automate the iteration step, a simple VBA Macro program is used to construct the Jacobian matrix and shuffle numbers between designated cells. The detailed program can be found in Appendix 2.
Insert Table 9 here
An iteration step starts with a Macro key combination of CTRL-j, students will be able to observe how the solutions are reached through each iteration. With the starting value set to (1, 100, 100) 0 , the program converges within 10-15 iteration steps. After setting up the model, we can conduct different kinds of policy analysis to compare any baseline model and alternative tax schemes (please refer to appendix 1, cells B6:D11). I chose a similar tax policy as in section 2 -imposing a 50 percent capital tax on the capital intensive industry X, however in this case, the government will keep all of the tax revenue and use it for its own consumption. The solution is obtained by taking Jacobian steps, by pressing CTRL-j, until convergence occurs followed by CTRL-s to copy selected statistics to the analysis page.
Once the base and alternative case have been solved (and statistics copied to the analysis page) using CTRL-r will calculate and report various welfare measures. The summary of the experimental results are calculated by VBA Macro and reported in Table 10 11 .
Insert Table 10 here
The baseline case (no capital tax) is compared to the alternative case (50 percent capital tax). The first section of the results shows the price and quantity variables before and after imposing the tax. As can be seen, the price of the capital-intensive product X is increased while the price of the labor-intensive product Y is decreased, in the meantime, output of X is falling while that of Y is rising. Row 8 to Row 10 show three different kinds of price index measures, Paasche, Laspeyres and Fisher price indices. All of them indicate rising inflation after the tax change. Based on the total output and price index, we can calculate how real GDP is affected by the tax policy change. Row 19 to 21 report that although nominal GDP is increased from the baseline model to the alternative case, there is a loss of real GDP due to the rising price of capital intensive product X. Lastly, I also compute the welfare change for both cases. In order to take into consideration the effect of the price and output changes, I choose a different approach from the previous section. Equivalent Variation (EV)
is calculated as
refers to the base case prices, and Compensating Variation (CV) is calculated as
σ−1 ∆u i , superscript 1 refers to the alternate case prices.
Column B and C report the utility changes from the baseline case to the alternative case.
Imposing the capital tax has lowered the utility level of households A, B and C. The utility loss of A and B comes from their income loss resulting from the capital tax and an additional utility loss for A and C comes from their consumption loss on the capital intensive product X. It is not hard to show that both EV and CV have a negative sign for households A, B and C but A has the biggest welfare loss. The only household type that benefits from the tax change is household D (as well as the government sector.) However, a deadweight loss incurs since the sum of the EVs or CVs is negative which indicates that there is an overall deadweight loss resulting from this tax change.
To further this analysis, one could ask students to plot out the utility maximization problem of the households from this excise. Figures 3 and 4 show an example for this question. Given the amount of good X and Y consumed, we can easily calculate the utility and budget constraint based on the parameters chosen above. The solid curves represent the baseline case while the dotted curves represent the alternative case. Since household A and B have the same endowment, their utility functions are subject to the same budget constraint.
Given the budget constraint and household preferences, household A will always consume more of X than Y and household B will always consume more Y than X. Similarly, households C and D follow the same pattern. Imposing a capital tax of 50 percent is equivalent to a price increase so the budget constraints rotate down. We can observe that the indifference curves of households A, B and C all shift down while D's shifts upward moderately, illustrating the fact that it is the only household that is better off as a result of this tax change. This is primarily due to the fact that household D does not care as much about the taxable good as the other households do. We can also draw the conclusion that the tax burden does not only affect households which own the taxable factor, it also affects households who have preferences for the goods that depend most on that factor. Tax incidence is more complicated than the statutory incidence would otherwise suggest. This provides another excellent opportunity for class discussion.
Conclusion
Computable general equilibrium models have received growing attention from policy makers and academic researchers. However, in the past, teaching general equilibrium theory often focussed on a more abstract approach based on difficult mathematical equations and reason-ing. Such an approach affords students lacking programing skills little chance to experiment with a computable general equilibrium framework and develop improved understanding of what is being taught. This paper provides a simple method to illustrate the use of general equilibrium models in tax policy analysis with the help of EXCEL. Two classic models are introduced and solved with two alternative methods: optimization based on the "Solver" and an iterative solution using a multidimensional Newton's method. Since EXCEL is one of the most widely used applications in the world, and it has an user friendly interface and tools for great graphic presentations, students or researchers will definitely benefit from adopting the method presented here to further their understanding of general equilibrium theory and to conduct simple policy analysis. 
=SUMPRODUCT(D35:D45,D35:D45) log 10 SSE =LN(D46)/LN(10) 
=SUMPRODUCT(D36:D48,D36:D48) log 10 SSE =LN(D49)/LN(10) Variable specifications
Cost of Capital r i = r + τ ki , r, capital rental rate, solution variable
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